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Abstract A class of general transformation methods are proposed to convert a
nonconvex optimization problem to another equivalent problem. It is shown that
under certain assumptions the existence of a local saddle point or local convexity of
the Lagrangian function of the equivalent problem (EP) can be guaranteed. Numerical
experiments are given to demonstrate the main results geometrically.
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1 Introduction

We consider a constrained nonconvex optimization problem with the following form:

min fj(x)
(Py:3st.fix)y <b,i=1,...,m,
xelX,
where fi: R"— R, i = 0,...,m, are twice continuously differentiable functions and

X is a nonempty subset of R”. The Lagrangian function corresponding to Problem
(P) is:

L(x,2) = fo(x) + D ilfi(x) = bil, A= (s.o.hm) = 0,

i=1
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It is well known that Lagrangian function plays an important role in many
optimization problems such as the development of duality theory which is the foun-
dation of primal-dual methods. So many researchers have concentrated on exploit-
ing the properties of Lagrangian function. In our paper, the following contents
about two aspects are studied. One is about the local saddle point of L(x,2); the
other is about the local convexity of L(x,X). As for the first aspect, we know that
the condition that the pair (x*,1*) becomes a local saddle point of L(x,2) is the
inequality

L(x*,2) < L(x*,1*) < L(x,2*) forallxe Ny [|X 120, (1.1)

holds where N+ is a neighborhood of x*. However, (1.1) does not always hold for
many nonconvex problems, thus the existence of a local saddle point is not guar-
anteed (see Example 4.1) on many occasions. For the second aspect, local duality
theory for problem(P) has been developed under a basic local convexity assump-
tion on L(x,A). As shown in [1, 2], a crucial condition to apply the local duality
theorem at x* is that the Hessian matrix of Lagrangian function V2L (x*, A*) should
be positive definite. But lots of nonconvex problems do not satisfy the
requirement. For example the Lagrangian function of linearly constrained concave
programing and indefinite quadratic programing do not satisfy the local convexity
requirement.

Recently, some transformation schemes have been adopted to transform Problem
(P) into another equivalent problem whose Lagrangian function has the proper-
ties desired. For example, in [3], a special convexification method was proposed
for Problem (P) by using p-power transformation to derive an equivalent form,
and a local saddle point result under some reasonable assumptions is obtained.
Subsequently, another convexification method was presented in [4] by using partial
p-power transformation to Problem (P), i.e., applying the p-power only to the con-
straint functions, and under assumptions that are weaker than those in [3], the same
result holds. In addition, the same p-power and partial p-power formulations were
adopted to derive the equivalent problems in [5], and the paper proved that under
certain assumptions the Hessian matrix of the Lagrangian function of the equivalent
problem (EP) becomes positive definite in a neighborhood of a local optimal point
of the primal problem. However, the restrictive conditions under which the men-
tioned transformations can be successfully done limit the range the problems they can
tackle.

The main purpose of this paper is to present a class of general transformation
methods including the methods in [3-5] as special cases, then for the EP derived,
under certain assumptions, we can obtain a local saddle point result and prove that
the Lagrangian function of the equivalent problem is locally convex. This paper not
only generalizes the results obtained in [3-5], but also expands considerably the class
of nonconvex problems for which some important optimization theories such as local
dual search methods can be guaranteed.

This paper is organized as follows: in Sect. 2, we propose a class of convexification
methods for Problem (P) to derive an EP. Then in Sects. 3 and 4 a local saddle point
result is stated, and some sufficient conditions that guarantee the local convexity of
the Lagrangian function are presented. Thereafter some relevant corollaries follow.
Furthermore, numerical experiments are presented to interpret the main results of
this paper in Sect. 5. Finally in Sect. 6 the conclusion is given.
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2 A class of general transformation methods

Consider the following transformation of the objective function and constraint func-
tions of Problem (P):

ﬁp(x) zwlp(ﬁ(x))7 i=07"'5m7

where V: Zijp — R, in which Z;, € Rand f;(X) € Z;,, i=0,1,...,m,and p > Oisa
parameter.
We further assume that v;,(y), i = 0,1,...,m, have the following properties:

(1) ¥ip(y) € CX(R), i=0,1,...,m
(2) vYip(y), i =0,1,...,m, are strictly monotonously increasing functions, which
means ¥, (y) > 0.

"
(3) There exists a Ny such that, for N > 0, there is a po satisfying L4 » - _N

IpOp »)
y

Op
when p > po, for x € Ny () X, where W(/)/p and W(/)p denote ly=fyx) and

dlﬂgg; ) ly=fv)» Tespectively, for simplicity.

"
(4) Forx e Ne (X, limp—s 400 i =400, i =1,...,m, where w; and wi/p repre-

1//117
1»0117 ) 1//tp y)

dy

In the remarks of Sect. 4, examples of admissible functions are given.
Then Problem (P) could be transformed into an EP which reads:

min gy (fo (x)),
(EP) : s.t. Ipip(fi(x)) = wl‘p(bi)’ l: 1927~ ..M
xeX.

sent ly=f;x) and ly=f:(x)» T€spectively, for simplicity.

The Lagrangian function associated with Problem (EP) is:

Lp(x, 1) = Yop (fo(x)) + ZMi[lﬂip (fi(x)) — Yip ()], 2.1)

i=1

where p > 0 and p; > 0, i =1,...,m. And the Hessian matrix of L, (x, u) could be
written as:

V2L (x, 1) = v, Vo) Vo)

”

’ 1//'[
o | X S PMVAE@VA@T +VLED | (22)
iel (x)

3 Local saddle point result

Definition 3.1 Let S be a nonempty set in R" and x* € clS. T(x*) is called the tangent
cone of S at x* when it is the set of all directions d such that

d= lim Ap(xp —x%),
k—+o0
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where Ly > 0, x € S, for each k and limy_, .~ X = x*. More properties of tangent
cone are given in [6].

Definition 3.2 A nonempty set X is called locally convex near x*, if there is a neigh-
borhood Ny of x* such that X (| Ny is convex.
Suppose that there exist x* € X and \* € R' such that

m T
|:Vf0(x*) + ZA;-“Vf,-(x*)j| d>0, Vde Tx"), (3.1a)
i=1
> AIfi) —bil =0, (3.1b)
i=1

where T (x*) is the tangent cone of X at x*.
Let
Jxy={i:2>0,i=1,...,m},
NG&*) ={de R": Vfiox)Td=0and Vf,x)Td =0, i € J(x*)},
M(x*) = T(x*) [ NG.
Then we have the following theorem:

Theorem 3.1 Suppose that x* is feasible to Problem (P) and J(x*) # @, X is locally
convex near x*, there exists a \* € R satisfying (3.1) and the Hessian matrix of
Lagrangian function of Problem (P) associated with the A*

VIL(H, ) = V") + D AFVEfi(x) (32)
ieJ(x*)

is positive definite on M(x*). Then there is a p1 such that the Lagrangian function of
EP defined in (2.1) has a local saddle point (x*, uj) when p > py where i, € R

Proof Since Problem (P) and (EP) are equivalent and x* is feasible to problem(P),
then by (2), we have

wlp(ﬁ(X*)) =< wtp(bl)v i= 1’ Y (N (3'3)
For any p > 0, define u; € R as
Vort
* —, 1eJx"),
=1 "y, o (34)
0, otherwise.

From (3.1b) and (3.4), we get
Wiy Wip(fi(x) = Yip(b)) =0, i=1,....m. (3.5)
By (2.1), (3.3), and (3.5), we obtain
Lp(x*, 1) = Yop(fo(x) = Lp(x*, p)
= Yop (o) + D wilip (fi0)) — Yip (bi)], (3.6)

i=1
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where u; > 0, i = 1,...,m. If X [Ny = {x*}, by (3.6) the result already holds in
this case.

In the following, we will show that the result still holds when X (| Ny # {x*}.

By (2.1) and (3.4), we obtain

VL, (x*, ) = v, V™) + D uhwh, VA" (3.7)
ieJ(x*)

Using (3.1a), (3.4), and (3.7), we get
VL,(*,u)'d >0, deTx". (3.8)

Now we prove that there exists a p; > 0 such that when p > p; we can find some
8p > 0 satisfying

Ly(x*, ) < Ly(x, %), x € X [ O(*,6,) S X (| Ny and x #x*, (3.9

where O(x*,8p) = {x € R",|lx —x*|| < §p} and p; € R} defined in (3.4).
Suppose contrary to the result, i.e. there is a sequence {x,} C X with x, — x* such
that

Lp(xpy H;) = Lp(x*» lJ«;)
Then it follows that
0> Lp(xp7 MI*;) - Lp(X*a I/L;;)
1
= VL' i) (6 = ) + 506 = 2 V2L 1) (xp = x*), - (3.10)

where £, € O(x*, ||x, — x*|) and §, — x*,as p — +oo.
Dividing both sides of (3.10) by [x, — x*||> and let

dp = (xp — X" /llxp — x* |, (3.11)
we obtain
1
02 VL (", 1) dp/ Iy = X"l + 5y V2 Lp (Ep, 1)y (3.12)

Observe that d;, € §,,, where S, denotes the unit sphere in R". By the compactness

of S, , weletd, — d as p — +o0. Thus combining (3.11) with the definition of T'(x*),
we have

deTx*) and d#0. (3.13)
Since X is locally convex near x*, thus we get
d, € T(x*), for p large enough. (3.14)
By (2.2) and (3.7), we rewrite (3.12) as

T ”
- 1V
0> [Vfo(X*> +> xz‘vmx*)} dp/llxp — x*|| + M—?’%vfo(sp)fdp)z
i=1 Op

1 T _2 * 1 *w’;;
+5dy V7 L&) dp + 5 > =t

2 (vfi&p)  dy)?.
2’ ieJ (x*) wi[’

@ Springer



410 J Glob Optim (2007) 38:405-419

By (3), for N > 0, there exists a p, such that when p > p{; we have

T
[ 1
0> | Vi) + > MVAEEY | dp/lxy —x I — = N(fo &) dp)?
2

i=1

1 i
+ =dl v* L(gp, A")d, + > x*w’,”

(&) dy)?. (3.15)
2" teJ(x*) wiP

Clearly Vfo(Ep)po and d; v2 L(&y,2*)d), have finite limit as p — +o0, and by (4),
(3.1a) and (3.14) for p large enough, [Vfo(x*) + > 7 A V)1 d,/llx, — x*|| and
Y
l 1/’[[)

In order to complete the proof, we consider the following two cases.

(Vfi(&p) po)2 i € J(x*) are nonnegative.

Casel de€N(x,).
In this case, if there exists some index iy € J(x*) satisfying
(Viy T d)* > 0, (3.16)
then we have

im (Vi @) dp)? = (Vfiy ) d)? > 0. (3.17)

Moreover, by (3.15) and (3.1a), we have
— N(fo&) dp)* + df v* L(&p.2%)d, < 0. (3.18)
However, by (3.17) and (4), we get

1

Y
L P (i EDTdy)? = 400,

L] wl .
which means that by making p appropriately large, we can obtain a contradiction to
(3.18).
If there is no ip € J(x*) satisfying (3.16), then we must have
Vi) Td #0, VEx)Td =0, ielx). (3.19)

By (3.1a), (3.13), and (3.19), we have

m T
|:Vf0(x*) + ZA?Vﬁ(x*):| d=Vix)Td > 0.

i=1

Thus we get

m T
plir_iI_loo |:Vf0(x*) + ZA;‘Vﬁ(x*)i| dp/llxp — x*|| = +o0. (3.20)

i=1

Then, we can obtain a contradiction by making p appropriately large in (3.15). There-
fore, (3.9) holds when d € N(x*).

Case2 d € N(x*).
@ Springer
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In this case, by (3.13), we get
d e M(x"). (3.21)
Moreover, from (3.15), it is easy to get
d} v* L&y, 2 dy — N(vfoEp) dp)* + D Af Z”’ (V&) dp)* <0, (3.22)
ieJ (x*) ip
Then, let p — +o0in (3.22), and we get
a4 V2L, ad < 0. (3.23)

The combination of (3.21) and (3.23) contradicts the positive definiteness assump-
tion of the Hessian matrix in (3.2). Thus (3.9) is true in this case.

Therefore, we prove (3.9) holds. By (3.6) and (3.9), we get the conclusion and
complete the proof.

4 Convexification for nonconvex optimization problem

In this section, we assume that x* € X and A* € R’ satisfy

VH(x*) + 2 A7 v filx®) =0, (4.1a)
i=1

f Afix*) = bil =0 (4.1b)

i=1

and let
M) ={d e R": Vix)Td =0, i e J(x*))}.

Note that if x* is an interior point of X, then (3.1) and (4.1) are equivalent and
M(x*) = M(x*).
From (4.1a) and (2.1), we obtain

VLP(X*’ I’L;) = Oa

where pj; is defined as (3.4).
Now we present some results about the local convexity of the Lagrangian function
given in (2.1).

Theorem 4.1 Suppose that x* and 1* satisfy (4.1) where x* € X and \* € R'}'. Further
we assume that J(x*) # @ and the Hessian matrix in (3.2) is positive definite on M (x*),
then there is a p1 such that the Hessian matrix is positive definite when p > p1, where
Wy, is given by (3.4).

Proof Suppose contrary to the result, i.e. there exists a sequence {dp};:? C S, such

that

dy v* Lp(x*, u*)dy <0, (42)
@ Springer
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where S, denotes the unit sphere in R". By the compactness of S, there exists a
convergent subsequence of {d, };:o‘i C S,,. Without loss of generality, we assume that

it is {dp};:"? itself and limp_, o d) = d.
Thus, from (2.2) and (4.2), we have

w(/)/ £ E3 * * 1//{/ E3
Yop [w,p(vfo(x )l dp)? +dfy 7% LO*,0%)dp + Siesenh] w—l,p(vﬁ(x )Tdy)* <0.
Op ip

Then we can prove Theorem 4.1 by the similar way used in the proof of Theorem
3.1. Therefore, Theorem 4.1 holds.

Corollary 4.1 Suppose that x* and L\* satisfy the conditions in Theorem 4.1, and x*
is feasible to Problem (P), then there is a p1 such that x* is a strictly local minimum
solution of Lp(x, uy) when p > p1, where i, is given by (3.4).

Proof The result could be obtained directly from Theorem 4.1. O

Corollary 4.2 Let x* and 1* satisfy the conditions in Corollary 4.1, then there exists a
p1 such that (x*, ”;) is a local saddle point of Ly (x, u) when p > py, where u;‘, is given
by (3.4).

Proof By Theorem 4.1 and Corollary 4.1, we get the conclusion.
Define the Lagrangian dual function for problem EP as

max (1)
s.t.u >0,

where
Op () = min Lj(x, ).
X€Nx*
Then we get the following corollary.

Corollary 4.3 Let x* and 1* satisfy the conditions in Corollary 4.1, then there exists a
p1 > 0 such that the Lagrangian dual problem has a local solution p;; given by (3.4)
when p > py and further we have Ly (x*, /L;;) = GP(M;)'

Proof By Corollary 4.1 and the definition of 6,(;1), in some neighborhood of x*, we
have

Op (1) = xrenliln* Ly(x,p) = Lp(x™, [,L;). (4.3)

From (3.4), W, is a feasible solution of the Lagrangian dual function of Problem EP.
Further, by Corollary 4.2, we get that (x*, /L;) is a local saddle point of L, (x, i). Thus
we have

Ly(x*, 1) = Yo, (fo(x*) + D il [ip (fi(x*)) — Wip (bi)]

i=1
m
> Ly(x*, 1) = Yop (fo(x™) + Zm[lﬁip(fi(X*)) —Vip(bp)],  (4.4)
i=1
holds locally, where p; > 0, i =1,...,m. Then we have
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I/fip(ﬁ'(x*)) = 1/fip(bi), l = 1,2, cee,m (45)
otherwise (4.4) would be violated by making the corresponding u; appropriately

large. Thus, x* is a feasible solution of Problem EP. By (3.4), (4.3), and (4.5) we get
the conclusion and complete the proof. O

Remark 4.1  Ifweset ¥, (y) = yP, i =0,...,m,itis easy to verify that y;, (y) satisfy
properties (1)-(4). And the equivalent problem can be written as

min £ (x),
st. ffoy<b?, i=1,....m, (4.6)
xeX.

Note that (4.6) is exactly the transformation proposed in [3]. Moreover, different from
the assumptions in [3], the regularity of x* is not required in Theorems 3.1 and 4.1.
Thus our results can be extended to the problems in which equality and inequality
constraints are involved.

Remark 4.2 Let Yo, (y) =y and ¥, (y) = y7, i = 1,...,m. Observe that properties
(1)—(4) are also satisfied and Problem (P) could be transformed into

min fo (x),
st. Py <b?, i=1,...,m, 4.7)
xeX.

Note that (4.7) is exactly the transformation proposed in [4]. Thus the main results
obtained in [4] could be viewed as special cases of this paper.

Remark 4.3  Let y,(y) = y and ¥ (y) = e, i = 1,...,m. Clearly ¢;,(y), i =
0,...,m, have properties (1)-(4), then Problem (P) could be transformed into the
following equivalent form

min fo(x),

st P < epbi =1  .m, (4.8)
xelX

(4.8) is the transformation proposed in [7]. And the result in [7] is a special case of
Corollary 4.2.

Remark 44  We can derive other types of transformations which are different from
those proposed in previous papers by constructing many specific function forms pos-

sessing properties (1)—(4). For example, each of functions —eh e (y > 0),1n” (y+ k)
(k should be chosen to ensure (y + k) > 1), and (1 + %)Pk (k > 2) could be used

as Yop(y) and the latter three could also be used as ¥, i = 1,...,m, where k is an
integral number.

5 Numerical experiments

In this section, we give three examples to demonstrate Theorems 3.1 and 4.1 geomet-
rically. The transformation we use in each example is different from those proposed
before. More specifically, in Example 1, we use a specific transformation to guarantee
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-0.997
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o3l -0.999 i
-1.0002 10.9999
22r -1.001
51 [1:006 1,002 ’
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1.9 '
1.8 /1 ~ 1
-0.997 -0.999 i
1717770998 00T A
-0.9999
166 -1.002 i
-1.006
1.5 L L >
-0.1 -0.05 0 0.05 0.1

X

Fig. 1 Contours of the Lagrangian function L(x, 1) for Problem (1P) near (x*, A*)

the existence of a local saddle point. In Examples 2 and 3, convexification transfor-
mations are applied to ensure the local convexity of the Lagrangian function.

Example 5.1  Consider the following problem
min fo(x) = X4
ap): s.t. fi(x) =x <0,
xe X=xeR:x<1}.

The Lagrangian function of Problem (1P) is

1
L(x,n) = % +x. (5.1)

Figure 1 shows contours of L(x, ). It is easy to verify that x* = 0 and A* = 2 satisfy
the conditions in Theorem 3.1.

It is necessary to point out that (x*, A*) is not a local saddle point of the Lagrangian
function of Problem (1P). Suppose the contrary, then we have

L(0.2) < L(x,2), x €Ny [ X,

where N+ is a neighborhood of x*. In this example it is clearly that N () X D {0}.

From (5.1), we get —1 < it % + 2x. Since x € X, then we have

x? <0, x € Ny ﬂX,
@ Springer
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A

0.41

0.4

0.39

0.38

< 0.37

0.36 x2)

-0.9999
0.35
-0.999
0.34F -0.998
0.331 -0.997
0.32 x -
0.1 -0.05

Fig.2 Contours of the Lagrangian function L (x, 1) for Problem (1EP) near (x*, u3)

which is a contradiction. And we set Yo,(y) = y and ¥, = e?*D". Then Problem
(1P) is equivalent to the following problem:

x+1
x—1
(1EP) : { s.t. e+ <@

min

xe X=xeR:x<1}

+ (et —¢). By calculation,

From (3.4), we have ju; = p% and Lp(x,p) = ££ %

x p—
we get that when p = 2, (x*, u3) is a local saddle point of L (x, ). Figure 2 depicts
contours of L (x, 1) in the neighborhood of (x*, u3).

Example 5.2  Consider the following problem

min fo(x) = (4 — x1)(4 — x2)
st fi(x) =2x1 —xp <2,
Hkx) =x <2,

xe X =[1,473

(2P) :

Note that x* = (2,2) and A* = (0.5,0.125) is one solution to (4.1). It can be verified
that M(x*) = {0} and the Hessian of the Lagrangian function is

2 ® g kY 01
VL()C,)\)_(1 0),
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Y

Fig. 3 Contours of the Lagrangian function L(x,1*) for Problem (2P)

which is indefinite. Let v, (y) = —e_% and y;, = e/”, i = 1,2, then Problem (2P) is
transformed into the following EP:

. (- (4=x1)(4=xp) )
min —e P
s.t. P13 < 2P
P < 6217’

xe X =[1,42.

(2EP) :

By (3.4), we have 1 = (dye2=4/p), 3,¢(2=4/p)) and
p p

_@G-xpP@-xn) 1 3
Ly(x, M;;) — ¢ » + = e@Px1—px2=2p=4/p) | > eP¥2=2p=4/p) _ ,—4/p

p p

By direct calculation, we get
_ 4—4/p? —4/p?> +1/p -2
2 * %\ _ —4/p
Vilp Gty = e (—4/p2+1/p—2 4—ap? )

Observe that when p = 2, uj = {6.25 x 1074,1.9 x 1073}, and Vng(x*,;L’z‘) =
3e7? —2.5¢72
(2.56_2 3e72
Problem (2P) and L;(x, u}) for 2EP, respectively.

) is positive definite. Figures 3 and 4 depict contours of L(x,A*) for

@ Springer



J Glob Optim (2007) 38:405-419 417
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& 15
]
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0

-0.5
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Fig. 4 Contours of the Lagrangian function L; (x, 13) for Problem (2EP)

Example 5.3  Consider the following problem:

min fo(x) =4 — x1x7
(BP): st filx) =x1 +4x2 <1,
xe X =1[0,1P,

x* = (0.5,0.125)7 and A* = 0.125 satisfy (4.1). It can be verified that M(x*) = {d €
R?|d; + 4d, = 0} and the Hessian matrix of the Lagrangian function at (x*, A*) is

2 kY 0 -1
VL(x,A)_(_l 0 )

which is an indefinite matrix and positive definite on M (x*).
Set yrop = yand y1p = (1 + IX))PZ, then Problem (3P) is equivalent to the following
problem:

min 4 — x1x7
2
GEP): {41, (W)” “a+ Ilj)pz_
xe X =1[0,1]%

1

W, then we get

By (3.4) we have uj; =

2

1 x1 +4x\?

Lp(x, i) = 4 = x1x) + —————— (1 + 172) —(d+1/py .
8p(1 +1/p)? p
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Fig. 5 Contours of the Lagrangian function L(x, 1*) for Problem (3P)
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Y

Fig. 6 Contours of the Lagrangian function L3(x, 13) for Problem (3EP)
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The Hessian matrix of L, (x, ) at (x*, u;) is

2w [ PP=DA PP APE - DA+ 1/py 2
v ’“”)_(4@2—1)(1+1/py’2—2 16(p% — DA+ 1/py" 2 )

Note that when p=3, u3 = 0.004, and V2 L3(x*, u3) = (0'55 2
definite.
Figures 5 and 6 depict contours of L(x, 1*) for Problem (3P) and L3 (x, w3) for 3EP,

respectively.

), which is positive

6 Conclusions

In this paper, we propose a general class of transformation methods including the
transformations presented in [3-5,7] as special cases. Then under certain assump-
tions, we prove the local saddle point result and the local convexification of the the
Lagrangian function. Hence, the main results obtained in this paper could be viewed
as an expansion of the results in [3-5,7]. The important aspects of this paper lie not
only in theory but also in practice. Since it provides us with more specific transforma-
tions to obtain an EP with better properties, we can tackle some practical problems
that can not be done with by using the transformations presented in [3-5,7], or can
do with them more efficiently.

However, about the transformation method, there are still problems that need to be
pursued. The most important and challenging one among them may be how to select
the most suitable transformation function for a given function of interest. Besides,
how to identify the lower bound of p that has to be used in the transformation and
how the value of p affects the equivalent function obtained are also important topics.
It is evident that the solving of these problems would be very helpful in practice. But
until now few papers have addressed these problems systematically. So we suggest
that more efforts should be devoted to them in the future.
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